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Abstract Bayesian methods have in recent years become popular when consider-
ing problems in geosciences, such as sequential data assimilation in high dimen-
sions. Ensemble based Monte Carlo methods, such as the Ensemble Kalman Filter
(EnKF), are attractive to use because they are easy to implement and computation-
ally fast. However, high computational demands will often restrict the ensemble
size. Problems resulting from estimation uncertainty and dependencies between the
ensemble members can therefore occur. As a result, the traditional EnKF updat-
ing schemes can lead to unreliable predictions with a severe underestimation of the
prediction interval. In this paper, we introduce alternative EnKF updating schemes
based on Bayesian regression techniques. The main idea is to replace the tradi-
tional plug-in estimate of the Kalman gain matrix with individual realisations from
a matrix-variate distribution for each updated ensemble member. We evaluate the
performance of the suggested schemes through simulation on synthetic case stud-
ies. The results reveal that we can dramatically improve the accuracy of the forecast
and predictions intervals, especially for small ensemble sizes.

1 Introduction

The Ensemble Kalman Filter (EnKF) is a Monte Carlo method for solving non-
linear spatiotemporal inverse problems in high dimensions [Evensen, 2009]. Ap-
plications include numerical weather prediction [Houtekamer and Mitchell, 2001],
oceanography [Keppenne and Rienecker, 2003], hydrology [Moradkhani et al.,
2005] and petroleum reservoir characterisation [Aanonsen et al., 2009]. The EnKF
is based on the traditional Kalman Filter (KF) [Kalman, 1960], which provides

Jon Sætrom
Statoil ASA, e-mail: jonsat@statoil.com,
Henning Omre
The Norwegian University of Science and Technology, e-mail: omre@math.ntnu.no

Ninth International Geostatistics Congress, Oslo, Norway, June 11. – 15., 2012



2 Jon Sætrom and Henning Omre

an analytical solution for the posterior probability density function (pdf) of inter-
est, assuming linear system dynamics and linear, Gaussian assumptions, termed the
Gauss-linear model.

Analytical tractability of the posterior pdf will be lost for non-linear system dy-
namics and non-Gaussian distributions. Techniques such as Markov chain Monte
Carlo or importance sampling can therefore be used to generate realisations cor-
rectly from the posterior pdf [Doucet et al., 2000, Liu, 2001, West and Harrison,
1999]. High dimensional problems will, however, restrict the tractability of these
methods because of high computational demands. Moreover, approximate solutions
such as the extended KF [Gelb, 1974, Jazwinski, 1970], where the forward model is
linearised, can lead to an unstable solution, in addition to potentially high computa-
tional demands [Evensen, 1992].

The EnKF solution to the spatiotemporal forecast problem is based on a Monte
Carlo approach with sequential forecasting and assimilation of available observa-
tions. The updating step is based on a linearisation where the required unknown
covariances are assessed from the Monte Carlo ensemble. From these estimates we
can estimate the weights in the linearisation, referred to as the Kalman gain matrix.
This entails that for the Gauss-linear model, the EnKF will be consistent with the
KF as the ensemble size tends to infinity [Mardia et al., 1979]. When the ensemble
size is finite, however, problems resulting from estimation uncertainty and ensem-
ble collinearities are known to occur [Furrer and Bengtsson, 2007, Houtekamer and
Mitchell, 1998, Sacher and Bartello, 2008]. As a consequence, the updated ensem-
ble members will fail to correctly represent the statistical properties of the posterior
distribution.

From classical multivariate statistics [Anderson, 2003b], it is well known that
estimation of the unknown Kalman gain matrix can be equally formulated as a mul-
tivariate linear regression problem [Anderson, 2003a, Sætrom and Omre, 2011].
Hence, the EnKF updating scheme can be reformulated based on known regression
techniques aiming at improving both the accuracy and variance estimates of the fore-
casts. Examples are shrinkage regression techniques for collinear data, where the
unbiased least squares estimator is replaced by biased alternatives having improved
predictive capabilities [Farrer and Glauber, 1967, Hastie et al., 2009]. Indeed, such
an approach can lead to considerable improvements compared to the standard EnKF
algorithm for small ensemble sizes [Sætrom and Omre, 2011]. However, the ensem-
ble members will, similar to the standard EnKF, be coupled over time because the
same Kalman gain estimate is used to update every ensemble member.

In Sætrom and Omre [2012], theoretical results for the bias and covariances in the
forecast based on the classical updating scheme were presented, taking into account
the uncertainty of the unknown Kalman gain matrix. These results reveal that using
one common plug-in estimate of the Kalman gain matrix will lead to a positive
correlation between the conditioned ensemble members, which necessarily will lead
to an underestimation of the prediction variance. In this paper we therefore apply
Bayesian regression techniques to reduce the ensemble coupling. In this approach,
each ensemble member is updated based on a Kalman gain matrix independently
generated from a matrix variate distribution, rather than using one common plug-
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Fig. 1 Stochastic Directed Acyclic Graph (DAG) of the model considered.

in estimate. We consider both conjugate and non-informative prior distributions,
and an approximate dimension reducing scheme for high dimensional models is
suggested. A synthetic example inspired by petroleum reservoir evaluation problems
is used to empirically evaluate the performance of the suggested procedures.

2 Notation and problem formulation

Throughout this paper the notation x ∈ Rnx×1 will be used to denote that x is an
nx-dimensional column vector in the real space and xT will denote its transpose.
Similarly, a matrix A in the real space containing a rows and b columns will be
denoted by A ∈ Ra×b. For simplicity, the same notation will be used for random
vectors and matrices.

Consider the stochastic Directed Acyclic Graph (DAG) outlined in Figure 1. Here
xtk ∈ Rnx×1 denotes the state of the unknown random vector of interest at time step
k and time tk, and similarly do

tk ∈ Rnd×1 denotes the vector of observed data. For
notational convenience, we will from now on drop the subscript tk, and write xk, do

k .
Moreover, x and d will be referred to as the state and observation vector respectively.

Let f (x0) denote the prior pdf of the state vector at the initial time step. Through
the Markov properties of a stochastic DAG, we have conditional independence be-
tween xk+1 and xl , l = 0, . . . ,k−1 given xk, which implies

f (xk+1|xk, . . . ,x0) = f (xk+1|xk).

In general assume that

xk+1 = ω(xk,εxk), k = 0, . . . ,K, (1)

where ω : (Rnx×1×Rnx×1)→ Rnx×1 is a known, possibly non-linear forward func-
tion. Here εxk represents random model errors and/or numerical errors in the for-
ward model, assumed to follow a known probability distribution. This implies that
we implicitly get a fully specified prior model of the unknown state vector through
f (x0) and ω(·, ·). The function:
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do
k = ζ (xk,εdk), k = 0, . . . ,K, (2)

connecting the observed data do
k to xk, where ζ : (Rnx×1 ×Rnd×1) → Rnd×1, is a

known, possibly non-linear, function and εdk represents the likelihood model and
observation errors, again assumed to follow a known pdf.

For notational convenience, let xc
k ∼ f (xk|do

0:k) and xu
k+1 ∼ f (xk+1|do

0:k), for k =
1, . . . ,K, where we use do

0:l to denote the sequence do
0, . . . ,d

o
l . The objective in this

model setting is to solve the spatiotemporal forecast problem of predicting xk given
observations do

0:(k−1), for k = 1, . . . ,K +1. Bayesian inversion provides a sequential
solution to this problem. Through Bayes rule and the Markov properties of the prior
model, we have:

f (xk|do
0:k) ∝ f (xk|do

0:(k−1)) f (do
k |xk)

f (xk+1|do
0:k) =

∫
f (xk+1|xk) f (xk|do

0:k)dxk. (3)

Note that the conditional pdf f (xk+1|xk) and f (do
k |xk) are implicitly defined through

ω(xk,εxk) and ζ (xk,εdk) defined in Eq. (1) and (2) respectively.
In the general case, we only know the conditional distributions defined in Eq. (3)

up to an unknown normalising constant. Computationally demanding techniques,
such as Markov chain Monte Carlo (McMC) or rejection sampling, can then be
used to generate realisations correctly from the posterior distribution [Doucet et al.,
2000]. However, for spatiotemporal problems in high dimensions, such as petroleum
reservoir evaluation and weather forecasting, these techniques are computationally
prohibitive. This follows because even a single evaluation of ω(xk,εxk), which
involves solving non-linear partial differential equations in dimensions of order
106 − 109, can take several hours or even days. An approximate solution can be
defined by assuming that xu

k and do
k follow a distribution that ensures analytical

tractability of f (xk|do
0:k), for example the multivariate Gaussian distribution. These

model assumptions are equivalent to those made in the EnKF algorithm [Evensen,
2009], which we will consider next.

2.1 The Ensemble Kalman Filter

Let xc(i)
0 be a realisation from the unspecified conditional distribution at the initial

time step, f (x0|do
0). Further let xu(i)

k = ω(xc(i)
k−1,ε

(i)
xk ) and d(i)

k = ζ (xu(i)
k ,ε

(i)
dk

), for k >
0, where we at each time step, as an approximation, assume that the joint state and
data vector follows as the Gaussian distribution:[

xu(i)
k

d(i)
k

]
∼ Gaussny

([
µxu

k
µdk

]
,

[
Σxu

k
Σxu,dk

Σd,xu
k

Σdk

])
, (4)
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with ny = nx + nd . For notational convenience, we will from now on omit the sub-
script k, because the focus is on updating at a single time step.

Under the Gaussian assumption in Eq. (4), the posterior pdf f (xk|do
0:k) is Gaus-

sian with analytically obtainable mean:

µxu|d = µxu +Σxu,dΣ
−1
d (do−µd), (5)

and covariance matrix:

Σxu|d = Σxu −Σxu,dΣ
−1
d Σd,xu , (6)

where do is the vector of observed data. Furthermore, it is straightforward to show
that

xc(i) = xu(i) +Σxu,dΣ
−1
d (do−d(i)), (7)

is one realisation from the Gaussian posterior distribution with mean and covariance
given in Eq. (5) and (6) [Mardia et al., 1979].

Eq. (7) involves two model parameters, namely Σxu,d and Σd forming the Kalman
gain matrix,

K = Σxu,dΣ
−1
d ∈ Rnx×nd . (8)

For the Gauss-linear model, K will be analytically tractable and given by the Kalman
recursions [Furrer and Bengtsson, 2007, Kalman, 1960]. Analytical tractability is,
however, lost in the general model setting we consider here. The EnKF solution to
this problem is to use an ensemble of ne realisations {(xu(1),d(1)), . . . ,(xu(ne),d(ne))},
from which we can obtain empirical estimate of the unknown covariance matrices.

Let X = [xu(1), . . . ,xu(ne)] ∈ Rnx×ne and D = [d(1), . . . ,d(ne)] ∈ Rnd×ne denote the
ensemble matrices for the state- and observation vector respectively. Thus, the ex-
pression

K̂ = Σ̂xu,dΣ̂
−1
d = XHneDT (

DHneDT )−1
, (9)

defines the classical estimate of the Kalman gain matrix in a general setting [Ander-
son, 2003b], where Hne = Ine − 1/ne1ne,11T

ne,1 ∈ Rne×ne is the idempotent centring
matrix. Here Ine is the ne-dimensional identity matrix and 1ne,1 is a ne-dimensional
vector where all the entries are equal to one.

Replacing the unknown Kalman gain matrix in Eq. (7), with the empirical esti-
mate in Eq. (9) defines the EnKF updating scheme in a general form:

xc(i) = xu(i) + K̂(do−d(i)), for i = 1, . . . ,ne. (10)

We will from now on refer to the replacement of the unknown Kalman gain matrix
with the empirical estimate in Eq. (9) as the Full EnKF. Note that we here moti-
vate the EnKF updating scheme by a Gaussian prior model assumption. However,
because the conditioned state vector, xc(i), at each updating step is given as a lin-
ear combination of xu(i), do and d(i), with the model parameters only involved in
the Kalman gain matrix, we can still capture non-Gaussian properties present in the
general posterior distribution at the initial time step, f (x0|do

0), at the later time steps
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[Evensen, 2009]. Note also that the Full EnKF scheme presented here is slightly
different from the schemes presented in the EnKF literature, where the likelihood
is either Gauss-linear, or includes an additive Gaussian noise term [Burgers et al.,
1998].

Under the Gauss-linear model, we have convergence in distribution of the EnKF
updating scheme based on K̂ towards the classical KF scheme as ne → ∞ [Furrer
and Bengtsson, 2007]. However, for finite ensemble sizes the Full EnKF updating
scheme will produce a conditional ensemble which underrepresents the variability
of xc [Furrer and Bengtsson, 2007, van Leeuwen, 1999, Sacher and Bartello, 2008].
In Sætrom and Omre [2012], known results from classical linear regression theory
were used to establish theoretical results for the statistical properties of the EnKF
scheme. The results revealed a critical weakness with the EnKF: Using the same
estimated Kalman gain matrix to update all ensemble members, leads to correlated
ensemble members after one updating step. Consequently, by using the classical
covariance matrix estimates based on the updated ensemble, we underestimate the
posterior covariance matrix. More troubling, however, is that we amplify the ensem-
ble coupling as we perform sequential data assimilation. Hence, it is not surprising
that the updated ensemble can ultimately collapse into one single realisation when
applying the EnKF updating scheme.

Myrseth and Omre [2010a], suggested a hierarchical Bayesian approach, termed
the Hierarchical EnKF (HEnKF), as an alternative to using empirical estimates of
the covariance matrix. The HEnKF replace the estimated covariance matrices with
realisations from the analytically tractable posterior distribution, assuming conju-
gate prior distributions for the mean and covariance in Eq. (4). Hence, the coupling
between the updated ensemble will be reduced, leading to an improved representa-
tion of the prediction uncertainty. In the current paper, we have extended the HEnKF
to a more general setting, using results known from Bayesian regression [Box and
Tiao, 1992, Press, 1982]. This entails sampling the Kalman gain matrix directly for
each ensemble member through analytically tractable matrix variate pdfs.

3 Bayesian regression

We will now consider the posterior distribution of the Kalman gain matrix, K,
through a hierarchical Bayesian approach using both a natural conjugate prior, sim-
ilar to Myrseth and Omre [2010a], and a non-informative Jeffreys’ prior [Press,
1982].

3.1 Informative prior distribution

Consider the prior model assumption in Eq. (4), and let in addition [µy|Σy] ∼
Gaussny(ηy,ξ

−1Σy) and Σy ∼ W−1
ny (Ψ−1

y ,ν), where y = [xu;d] ∈ Rny×1 is the



Ensemble Kalman Filtering in a Bayesian Regression Framework 7

stacked state and data vector. Here, W−1
(·) (·) denotes the inverted Wishart distribution

[Gupta and Nagar, 2000], and ηy, Ψy, ξ and ν are known prior hyperparameters. Let
Y = [X;D] ∈ Rny×ne denote the ensemble matrix for the stacked state- and observa-
tion vector, y, then [Anderson, 2003b]:

[µy|Σy,Y]∼ Gaussny

(
ηy

c,
1
ξ c Σy

)
[Σy|Y]∼W−1

ny (Ψc−1

y ,νc),

with

η
c
y =

[
ηc

xu

ηc
d

]
=

neµ̂y +ξ ηy

ξ c

Ψc
y =

[
Ψc

xu Ψc
xu,d

Ψc
d,xu Ψc

d

]
= Ψy +(ne−1)Σ̂y +

neξ

ξ c (µ̂y−ηy)(µ̂y−ηy)T , (11)

νc = ν + ne and ξ c = ξ + ne. Here, µ̂y is the average and Σ̂y is the traditional
unbiased estimate of the covariance matrix Σy of the ensemble Y. Using the results
in Gupta and Nagar [2000], it can be shown that the Kalman gain matrix given the
joint ensemble is distributed as

[K|Y]∼MatrixTnx,nd

(
Γc

K,(Ψc
d)
−1,Ψc

xu|d,ν
c−nx +1

)
, (12)

where Γc
K = Ψc

xu,dΨ
c−1

d and Ψc
xu|d = Ψc

xu − Γc
KΣc

dΓ
cT

K . Replacing the estimated

Kalman gain matrix, K̂ in Eq. (10) with independent realisations from the matrix-t
distribution in Eq. (12) thus defines the EnKF updating scheme.

3.2 Non-Informative Prior Distribution

In the hierarchical Bayesian approach outlined above, we need to select prior hy-
perparameters for both the unknown mean and covariance. When considering high
dimensional spatiotemporal inverse problems, this task can be far from trivial. A
non-informative prior distribution can be used to avoid this problem.

Consider the multivariate linear regression problem:

X = KD+R, (13)

where we for notational convenience assume that X ∈ Rnx×ne and D ∈ Rnd×ne are
centred ensemble matrices, K ∈ Rnx×nd is the matrix of regression coefficients,
or the Kalman gain, and R ∈ Rnx×ne is the matrix of regression model error in-
dependent of K and D. Under the EnKF model assumptions in Eq. (4), we have
D ∼ MatrixGnd ,ne(0nd ,ne ,Ine ,Σd). Furthermore, let the regression error term be
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R ∼ MatrixGnx,ne(0nx,ne ,Ine ,Σr), where the matrix-variate Gaussian distribution is
defined in Gupta and Nagar [2000]. As shown in Mardia et al. [1979], the condi-
tional likelihood of X given D can be written as:

f (X|D,K,Σr) ∝ |Σr|−ne/2 exp
{
−1

2
tr

(
ΨKΣ−1

r
)}

, (14)

where ΨK = ne

[
(K− K̂)Σ̂d(K− K̂)T + Σ̂r

]
. Here K̂, given in Eq. (9), and Σ̂r =

1/ne(X − K̂D)(X − K̂D)T are the maximum likelihood (ML) estimates of the
Kalman gain and residual covariance matrix respectively, while Σ̂d = 1/neDDT .

We will now consider the posterior distribution of K for the non-informative
Jeffreys’ prior [Jeffreys, 1946, Press, 1982]:

f (K,Σr) ∝ |Σr|−(nx+1)/2. (15)

By Bayes’ rule using the pdfs in Eq. (14) and (15) we get [Press, 1982]:

[K|Y]∼MatrixTnx,nd

(
K̂, Σ̂−1

d , Σ̂r,ne− (nx +nd −1)
)

(16)

An EnKF updating scheme is then defined by replacing the Kalman gain matrix in
Eq. (10) with independent realisations from the matrix-t distribution in Eq. (16).

3.3 The Kalman Gain Posterior Distributions

Similar to the approach in Section 3.2, we can derive the posterior distribution based
on a fully specified conjugate prior model for K and Σr. That is [Press, 1982]:

f (K,Σr) = f (K|Σr) f (Σr),

with [K|Σr] ∼ MatrixGnx,nd (ΓK,Θ,Σr), and Σr ∼W−1
nx (Ψr,ν). Such an approach

does, however, make it is less clear how the unknown hyperparameters should
be specified. In addition, the approach outlined in Section 3.1 makes the poste-
rior distribution consistent with the posterior distribution using a non-informative
prior when ne → ∞. Moreover, the presented approach increases the degrees of
freedom in the prior covariance matrix of K from 1

2 (nx(nx + 1) + nd(nd + 1) to
1
2 (nx + nd)(nx + nd + 1) when directly defining a prior distribution for the Kalman
gain. This is due to the structure of the Kronecker product [Drèze and Richard, 1983,
Press, 1982].

It should be noted that choosing conjugate or Jeffreys’ prior distributions in
Bayesian linear regression is not without issues [Broemeling, 1985, Brown, 1993,
Dawid, 1988, Press, 1982, Robert, 2001]. In this study, however, we have adopted
these priors mainly because of their analytical properties. Of course we might in-
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stead consider approaches based on generalised natural conjugate priors [Press,
1982], or selecting non-conjugate prior distributions [Brown et al., 1999].

Because the same prior distributions are used in the HEnKF [Myrseth and Omre,
2010a] and the approach outlined in Section 3.1, we should expect that there is
a close connection between the Bayesian regression approach based on the in-
formative prior and the HEnKF. Indeed, there are many similarities between the
two approaches because the covariance hyperparameter matrix, Ψc

y, is used in both
posterior distributions. The major difference, however, lies in the sampling of the
respective Kalman gain matrices. For the HEnKF we start by sampling Σ

(i)
y ∼

W−1
ny (Ψc

y,ν
c), thus generating a realisation of the Kalman gain as K(i) = Σ

(i)
x,dΣ

(i)−1

d .

For K ∼ MatrixTnx,nd

(
Γc

K,(Ψc
d)
−1,Ψc

x|d,ν
c−nx +1

)
, however, K(i) = Γc

K + Γ
(i)
K ,

where Γc
K is the posterior mean E[K(i)], and Γ

(i)
K ∈Rnx×nd is a random matrix, given

as a product of the square root of a matrix following the inverted Wishart distribution
and a matrix following the matrix Gaussian distribution as explained in Property 1,
Appendix 1. Hence, the latter approach will have improved computational proper-
ties compared with the HEnKF in the general case, because we do not need to invert
the matrix Σ

(i)
d for each realisation. Note, however, that the updated realisations

based on the HEnKF updating scheme are expected to be less coupled. This follows
because we avoid using the constant matrix Γc

K for all updated ensemble members,
which for the Bayesian approaches considered here involves the empirically esti-
mated covariance matrix Σ̂y.

3.4 Approximate matrix-t Distribution

When we consider a non-informative prior distribution, the posterior distribution of
K, defined in Eq. (16), will not exist for ne < nx +nd . Moreover, if we consider high
dimensional reservoir models, generating realisations from the matrix-t distribution
can be highly computationally demanding. We will therefore consider an approxi-
mate version of the singular matrix-t distribution, inspired by Principal Component
Analysis (PCA) [Mardia et al., 1979] and shrinkage methods in a multivariate re-
gression setting [Brown, 1993, Hastie et al., 2009]. This is motivated by the property
that the matrix-t distribution is closed under linear transformations U = ATB, for
constant matrices A and B of proper dimensions [Gupta and Nagar, 2000].

As shown in Dı́az-Garca and Gutiérrez-Jáimez [2006], for the case with the
Jeffreys’ prior distribution with rank(Σ̂d) = rank(Σ̂r) = ne−1,
[K|Y] ∼ MatrixTne−1,ne−1

nx,nd

(
K̂, Σ̂−

d , Σ̂r,1
)

, where the singular matrix-t distribution

is defined in Appendix 2 and (Σ̂d)− is the Moore-Penrose inverse [Strang, 1988].
To ensure that the degrees of freedom is larger than one, we therefore propose
to approximate the singular matrix-t variate distribution by selecting the dimen-
sion of the respective reduced order subspaces p and q, smaller than the rank of
Σ̂d and Σ̂r. This corresponds to PCA, where the assumption is that a small set of
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variables, termed principal components, explain most of the variability in the data
[Mardia et al., 1979]. To improve the predictive capabilities of the regression model
[Sætrom and Omre, 2011], we can replace the ML estimate of the Kalman gain
matrix in Eq. (9) with e.g. the Principal Component Regression (PCR) estimate:
K̂PCR = XVq

DSq−1

D UqT

D . Here D ≈ Uq
D Sq

D VqT

D is the truncated Singular Value De-
composition (SVD) of D, keeping only the first q components corresponding to the
q largest singular values [Golub and van Loan, 1996]. This implies that for the ap-
proximate matrix-t distribution based on PCR,

K∼MatrixTp,q
nx,nd

(
K̂PCR,

(
Σ̂q

d

)−
, Σ̂p

r ,ne− (q− p−1)
)

, (17)

where Σ̂q
d and Σ̂p

r denotes the low rank approximation of the two matrices based
on a truncated eigenvalue decomposition keeping q ≤ min{nd ,ne − 1} and p ≤
min{nx,ne − 1} non-zero eigenvalues respectively. Alternative estimators for the
Kalman gain matrix based on dimension reduction techniques such as Partial Least
Squares Regression (PLSR) [Ränner et al., 1994], can be used as well. Finally note
that we use Cross-Validation (CV) to select the subspace dimensions p and q [Seber
and Lee, 2003, Sætrom and Omre, 2011].

3.5 Computational Properties

As shown in Appendix 1, we can generate a realisation from the matrix-t distri-
bution using n2

xnd/2 + n2
dnx/2 +(2/3 + 1/3)n3

x +O(nx max{nx,nd}) floating point
operations (flops), when the Cholesky factorisation of the respective matrices are
given. Here the first two terms are the number of flops required for multiplying an
upper diagonal matrix with a full matrix of dimension nx× nd , and (2/3 + 1/3)n3

x
are the leading terms for computing the matrix inverse based on back substitution
and multiplication of two upper triangular matrices [Golub and van Loan, 1996].
For a singular matrix-t distributed random matrix, the computational demands are
O(nxnd max{p,q}), given the SVD of the respective matrices and the estimated
Kalman gain matrix.

When considering the suggested procedure in an EnKF setting, however, only
n2

d + 2nxnd + 2n2
x +O(max{nx,nd}) flops are required to update one realisation in

the fully specified prior setting. For the singular matrix-t distributed Kalman gain,
the computational demand is O(ne max{nx,nd}) flops, which is the same as for the
Full EnKF scheme presented in Section 2.1 for the rank deficient case [Evensen,
2003]. The memory requirement for the informative prior case is O(max{n2

x ,n
2
d}),

which implies that approximate techniques such as localisation [Evensen, 2009]
must be used when nx or nd is large. For the singular matrix-t distribution defined
through the non-informative Jeffreys’ prior, the memory requirement is
O(ne max{nx,nd}), which corresponds to the memory requirement of the Full
EnKF.
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Note that only one single Cholesky and SVD factorisation of the respective ma-
trices is required for all ensemble members. This requires O(n3

x)+O(n3
d) flops for

the conjugate prior and O(max{nx,nd}n2
e) flops for the non-informative Jeffreys’

prior in a reduced order subspace. The former can be quite costly for high dimen-
sional problems, while the latter corresponds to the computational demands of the
Full EnKF scheme. A discussion regarding the computational properties of the CV
scheme when used to select the appropriate subspace dimension can be found in
Sætrom and Omre [2011], where it is shown that the CV scheme will not lead to a
significant increase in the computational demands if it is properly implemented.

4 Empirical study

To evaluate the performance of the EnKF updating schemes based on the Bayesian
regression techniques presented in Sections 3.1 and 3.2, we consider a synthetic
case study similar to the one used in Myrseth and Omre [2010b]. Here the unknown
state vector of interest xk ∈ R100×1, is defined for k = 0, . . . ,10, where x j,k denotes
the variable of interest at time step k and location j ∈ {1, . . . ,100}. The purpose of
this study is to assimilate observed data, do

k made at time steps 0, . . . ,9, and predict
at time step 10.

We consider a Gaussian prior at the initial time step, a linear forward function
and a linear Gaussian likelihood model:

x0 ∼ Gaussnx(0nx,1,Σx0)
xk = Akxk−1

dk = Bxk + εdk .

Here an exponential covariance function defines Σx0 , and Ak defines a linear
smoothing envelope moving from left to right in time over the grid domain. The
error term of the likelihood model is Gaussian, εdk ∼ Gaussnd (0nd ,1,Ind ) and B ∈
Rnd×nx is defined as a sparse matrix, so that di = ∑

1
l=−1 x j+l , i = 1, . . . ,nd , at nd = 13

different grid locations j ∈ {1, . . . ,100}. Further details can be found in Sætrom and
Omre [2011].

We consider the following EnKF updating schemes:

• Standard EnKF: Estimated Kalman gain matrix computed based as K̂Std =

Σ̂xu BT
(

BΣ̂xu BT +Σεd

)−1
, using the correct error covariance matrix Σεd = Ind .

• CP-EnKF: Kalman gain matrix generated independently for each ensemble mem-
ber based on the matrix-t distribution in Eq. (12), obtained using a Conjugate
Prior (CP) distribution on the mean and covariance as described in Section 3.1.

• JP-PLSR-EnKF: Kalman gain matrix generated independently for each ensem-
ble member using the approximate matrix-t distribution based on the non-
informative Jeffreys’ prior, described in Section 3.4. In addition, K̂ is replaced
with a shrinkage regression estimate based on PLSR, where the dimension of the
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respective subspaces p and q are selected based on 10-fold CV, minimising the
Predictive Error Sum of Squares (PRESS) [Hastie et al., 2009].

Two different ensemble sizes will be used, ne = 20 and ne = 100. In addition, the
initial ensembles are identical for all three updating schemes. For the CP-EnKF
updating scheme we select the prior model hyperparameters ηx = µx, ξ = 0.0001,
Ψx = 10×Σx and ν = nx +nd +3, with Ψx,d = ΨxBT and Ψd = 10×Σd. Thus, pre-
serving the structure of the reference model in ηy and Ψy, although the uncertainty
regarding the size of ηy and Ψy is high.

Because we consider a Gauss-linear model, the prediction mean E[xu
10], and 95%

prediction interval are analytically obtainable using the KF recursions, see Figure
2a. Notice that the reference state vector is centred around the prediction mean,
with reduced uncertainty in the 95% prediction intervals in the neighbourhood of
the observation sites. The results for the three different EnKF updating schemes are
shown in Figures 2b through g.

As seen from Figure 2b, the Standard EnKF is able to produce reliable results
for ne = 100. Both the estimated posterior mean and prediction interval matches the
analytical KF solution fairly well, albeit the ensemble average is not as smooth as
the theoretical one. Moreover, there is a tendency to underestimate the prediction
variance. For ne = 20, the effects caused by increased estimation uncertainty and
coupling of the ensemble members are more prominent. This results in an estimated
posterior mean and prediction interval deviating dramatically from the KF solution,
as expected from the results in Sætrom and Omre [2012].

The CP-EnKF updating scheme provides reasonable estimates of the posterior
mean and prediction interval for ne = 100, as seen in Figure 2. However, the bounds
of the prediction interval is slightly increased at certain grid locations compared with
the KF solution based on Σxu|d. Because we are sampling the Kalman gain matrix,
rather than using a common plug-in estimate, we should expect to see this behaviour
for Σ̂xc , in light of the theoretical results presented in Sætrom and Omre [2012].
Because the matrix-t distribution for the Kalman gain matrix in Eq. (12) requires the
empirical covariance matrix as a model parameter, the ensemble members will be
somewhat coupled. However, this coupling is reduced compared with the Standard
EnKF updating scheme, leading to improved estimates of both the prediction mean
and interval.

Both the estimated posterior mean and prediction interval resembles the analyti-
cal KF solution for the JP-PLSR-EnKF updating scheme with ne = 100, as seen in
Figure 2f. The smooth behaviour of the posterior mean, µxc is present, with reduced
uncertainty in the prediction variance around the observation sites. For ne = 20,
however, the ensemble average appears to be less smooth, and the prediction inter-
vals are reduced. The results are comparable to the CP-EnKF results, and appears
to be much better than the ones obtained with the Standard EnKF scheme.

To further quantify the performance of the three EnKF updating schemes, the
case study is rerun 100 times with different initial ensembles. We consider the Root
Mean Squared Error (RMSE) of the ensemble average to the analytical posterior
mean and the percentage of the reference solution covered by the estimated predic-
tion interval. Table 1 displays the results, together with the estimated RMSE and
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(e) CP-EnKF, ne = 20
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(f) JP-PLSR-EnKF, ne = 100
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(g) JP-PLSR-EnKF, ne = 20

Fig. 2 Results obtained when running four different EnKF updating schemes on the linear case
with two different ensemble sizes. The figure displays the reference xTrue

10 (solid), the ensemble
mean (dotted, black ) and the estimated 90.5 (ne = 20) and 95% (ne = 100) confidence bounds of
the prediction interval (solid, grey).

coverage computed when the initial ensemble is run through the forward model
without conditioning on the observed data, referred to as the No Updating scheme.
Ideally, the RMSE should be small and the Coverage should be close to 90.5 % for
ne = 20 and 95 % for ne = 100. The former represents accuracy while the latter is
a measure for the reliability of the empirically estimated prediction intervals. For
ne = 100, the RMSE decreases significantly for all three updating schemes, relative
to the RMSE of the No Updating scheme. The CP-EnKF updating scheme shows
the largest improvement with a 62% decrease in the RMSE, although it is not found
to be significantly better than the Standard EnKF updating scheme with a p-value
of 0.92. The hypothesis test is based on the traditional two sample t-statistic with
unequal variance [Casella and Berger, 2002]. The RMSE of the JP-PLSR-EnKF up-
dating scheme is slightly larger compared with the RMSE of the other two methods.
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Table 1 Estimated Root Mean Squared
Error (RMSE) of the posterior mean and
coverage of the reference solution in the
estimated 90.5 (ne = 20) and 95% (ne =
100) prediction intervals, plus-minus one
standard deviation, for the linear case
based on 100 different initial ensembles.

ne Scheme RMSE Coverage
(%)

100 No Updating 4.60 ±0.14 95.1 ±2.2
100 Standard EnKF 1.77 ±0.30 81.1 ±5.8
100 CP-EnKF 1.74 ±0.28 95.3 ±3.2
100 JP-PLSR-EnKF 1.91 ±0.25 88.4 ±3.8
20 No Updating 4.68 ±0.27 88.5 ±4.2
20 Standard EnKF 3.89 ±1.05 26.4 ±6.3
20 CP-EnKF 1.73 ±0.29 90.0 ±4.3
20 JP-PLSR-EnKF 3.02 ±0.52 70.7 ±9.4

As expected from the results in Sætrom and Omre [2012], sampling the Kalman
gain matrix, as done in the CP-EnKF and JP-PLSR-EnKF updating schemes, will
increase the width of the prediction intervals, whilst it will be narrower for the Stan-
dard EnKF updating scheme. For this case with ne = 100 we find the coverage the
CP-EnKF updating scheme and the No Updating scheme to be almost equal, and the
value is close to 95% as it should be. Testing for equivalence between the coverage
of the CP-EnKF and JP-PLSR-EnKF updating schemes, leads to a p-value of 0.007,
and hence should be rejected at a 99% level of confidence.

For ne = 20, the CP-EnKF updating scheme again leads to the largest improve-
ment in the RMSE relative to the No Updating scheme with a 63 percent decrease.
The JP-PLSR-EnKF updating scheme shows the second largest improvement with
a 35 percent decrease, whilst the Standard EnKF updating scheme has a 17 per-
cent decrease in the RMSE. We find all three updating schemes to give significantly
different RMSE values at a 99.999% level of confidence.

The Standard EnKF updating scheme has a coverage of only 26.4%, which
demonstrates a dramatic underestimation of the prediction intervals caused by the
coupling of the ensemble members. Furthermore, we observe that the coverage of
the CP-EnKF updating scheme is found to be significantly larger than the coverage
of the Standard EnKF and JP-EnKF updating schemes. However, the coverage of the
No Updating scheme is not found to be significantly different from the CP-EnKF
updating scheme with a p-value of 0.59.

We obtain the best results for the linear problem using the CP-EnKF updating
scheme, but the results appear to rely heavily on the selected prior hyperparameters.
If the model is rerun with a poorly selected prior model, the CP-EnKF updating
scheme provides terrible results, with a large increase in the RMSE and large de-
crease in the coverage. This is particularly true for ne = 20, although we do not
show these results here. For high dimensional reservoir evaluation problems, the
task of selecting the prior hyperparameters is far from trivial. In addition, because
of high computational and memory demands, the CP-EnKF updating scheme will
require additional approximations, such as enforcing sparsity in the model param-
eters through localisation [Evensen, 2009]. This suggests that the JP-PLSR-EnKF
updating scheme is the most robust alternative, although the CP-EnKF scheme with
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a carefully chosen prior model performed best for the empirical evaluation consid-
ered here.

5 Conclusions

In this paper we have formulated alternative EnKF updating schemes based on clas-
sical results known from Bayesian regression. Rather than using a common estimate
of the Kalman gain matrix in the update, each ensemble member is updated using a
unique Kalman gain matrix generated from an analytically tractable matrix variate
probability distribution. The suggested EnKF updating schemes based on Bayesian
regression reduces the coupling between the updated ensemble members, which
leads to improved predictions and associated prediction intervals.

Two alternative EnKF updating schemes are defined and empirically tested. The
first one is based on a conjugate prior distribution on the unknown mean and co-
variance matrix (CP-EnKF). The second one uses a non-informative Jeffreys’ prior
distribution on a multivariate regression model combined with Partial Least Squares
Regression (JP-PLSR-EnKF), leading to a singular matrix-t distributed Kalman gain
matrix defined in a reduced order space. The main objective of this additional di-
mension reduction is to improve the Kalman gain matrix estimate and to handle
large dimensional problems with small ensemble sizes. Cross-validation is used to
select the subspace dimension by evaluating the predictive strength of the regression
model.

The two suggested schemes were tested on a synthetic model, inspired by reser-
voir evaluation problems, and compared with the results obtained using the Stan-
dard EnKF updating scheme. With a small ensemble size of 20, both the CP-EnKF
and JP-PLSR-EnKF updating schemes performed significantly better than the Stan-
dard EnKF updating scheme. The coupling of the ensemble members in the Stan-
dard EnKF scheme caused the predictions and associated prediction intervals to be
highly unreliable. Increasing the ensemble size to 100 improved the results for the
Standard EnKF updating scheme and made it comparable to the results obtain with
the alternative EnKF scheme based on Bayesian regression.

The CP-EnKF scheme appeared as the most reliable EnKF approach in the em-
pirical study, closely followed by the JP-PLSR-EnKF scheme. The Standard EnKF
scheme produced unreliable predictions and associated prediction intervals for small
ensemble sizes relative to the number of observations. The CP-EnKF scheme is,
contrary to the JP-PLSR-EnKF scheme, computationally demanding to perform and
highly dependent on the specification of a representative prior model. Consequently,
we recommend using the JP-PLSR-EnKF scheme for high dimensional spatiotem-
poral problems with a large number of observations.
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Appendix 1

Property 1 (Realisation from the Matrix t-distribution). Let

Σ∼W−1
u (Ψ−1,ν +u−1)

independent of X∼MatrixGu,g(0u,g,Ω,Iu). Then

T = Σ1/2X+Γ∼MatrixTu,g(Γ,Ω,Ψ,ν). (18)

Proof. By Definitions of the inverted Wishart and matrix Gaussian distributions
[Gupta and Nagar, 2000]

f (Σ,X) ∝ |Σ|−(ν+u−1+u+1)/2 exp
{
−1

2
tr

(
Σ−1Ψ+Ω−1XT X

)}
,

Following Gupta and Nagar [2000], let T = g(X,Σ) = Σ1/2X+Γ. A transformation
of the variables gives,

f (Σ,T) = f
(
Σ,g−1(T,Σ)

)
|Jxt|,

where by Deemer and Olkin [1951],

Jxt =
∂Σ−1/2(T−Γ)

∂T
= |Σ|−g/2.

Hence,

f (T) ∝

∫
|Σ|−(ν+u−1+u+1+g)/2 exp

{
−1

2
tr

([
Ψ+(T−Γ)Ω−1(T−Γ)T ]

Σ−1)}dΣ

∝
∣∣Ψ+(T−Γ)Ω−1(T−Γ)T ∣∣−(ν+u+g−1)/2

,

and the result follows by the general properties of the determinant and trace opera-
tors [Mardia et al., 1979].

Property 2 (Fast sampling from the matrix-t distribution). Let UΩ ∈Rb×b and UΣ ∈
Ra×a be the upper triangular Cholesky factors of the positive definite matrices Ω
and Σ respectively. Further let

A =



u1,1 z1,2 z1,3 . . . z1,a−1 z1,a
0 u2,2 z2,3 . . . z2,a−1 z2,a
0 0 u3,3 . . . z2,a−1 z2,a
...

. . . . . . . . .
...

...
0 0 . . . 0 ua−1,a−1 za−1,a
0 0 . . . 0 0 ua,a


∈ Ra×a, (19)



Ensemble Kalman Filtering in a Bayesian Regression Framework 17

where ui,i =
√

vi, with vi
i.i.d.∼ χ2(ν + a− i), and zi, j

i.i.d.∼ Gauss1(0,1), and let W ∈
Ra×b, have elements wi, j

i.i.d.∼ Gauss1(0,1). Then

T = UT
ΣA−1WUΩ +B∼MatrixTa,b(B,Ω,Σ,ν). (20)

Proof. By Smith and Hocking [1972] and Jones [1985], A−1AT−1 ∼W−1
a (Ia,ν +

u−1). Thus, by Property 1,

X = A−1W∼MatrixTa,b(0a,b,Ib,Ia,ν).

The result then follows by Theorem 4.3.8 in Gupta and Nagar [2000].

Appendix 2

Definition 1 (Singular matrix-t distribution). Let UΣ ∈ Ra×p be the matrix con-
taining the p first eigenvectors of Σ ∈ Ra×a corresponding to the p non-zeros
eigenvalues given as the p elements of the diagonal matrix ΛΣ ∈ Rp×p, with a
similar notation for the matrix Ω ∈ Rb×b, UΩ ∈ Rb×q and ΛΩ ∈ Rq×q. Assume
Z ∼ MatrixGp,q

p,q(0p,q,ΛΩ,Ip) independent of V ∼W−1
p (Λ−1

Σ ,ν + p− 1), where the
singular matrix Gaussian and inverted Wishart distributions are defined in Daz-
Garca et al. [1997] and Bodnar and Okhrin [2008] respectively, then

T = UΣW1/2ZUT
Ω +M (21)

follows the singular matrix−t distribution, T∼MatrixTp,q
a,b(M,Ω,Σ,ν).

Remark 1. This definition is different from the one used in Dı́az-Garcı́a and Gutiérrez-
Jáimez [2009], where they define the singular matrix−t distribution through Y =
(W1/2)−X+M, where W∼W p̃

a (Σ,ν) independent of X∼MatrixGa,q
a,b(0a,b,Ω,Ip),

p̃ = min{p,ν} and the superscript (−) denotes the Moore-Penrose inverse of a ma-
trix [Strang, 1988].

Property 3 (Probability density function of the singular matrix-t distribution). The
pdf of T∼MatrixTp,q

a,b(M,Ω,Σ,ν) is

f (T) = c(p,q,ν)

∣∣Ib +Ω−(T−M)T Σ−(T−M)
∣∣(ν+p+q−1)/2

|ΛΣ|q/2|ΛΩ|p/2 , (22)

where

c(p,q,ν) =
Γp(ν + p+q−1)

π pq/2Γp(ν + p−1)
,

with

Γp(ν) = π
p(p−1)/4

p

∏
i=1

Γ ((ν +1− i)/2) , (23)
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where, Γ (·) is the Gamma function, and the superscript (−) denotes the Moore-
Penrose inverse of a matrix.

Proof. Using Eq. (21) and the results in Dı́az-Garcı́a [2007],

T|W∼MatrixGp,q
a,b(M,Ω,UΣWUT

Σ).

Hence, the joint pdf of T and W is:

f (T,W) = c1|W|−(ν+2p+q)/2 exp
{
−1

2
tr

(
Θ−1W−1)} , (24)

where

c1 =
(2π)−pq/2|ΛΣ|(ν+p−1)/2

|ΛΩ|p/22(ν+p−1)p/2Γp(ν + p−1)

and
Θ−1 = ΛΣ +UT

Σ(T−M)Ω−(T−M)T UΣ.

The result follows by integrating Eq. (24) with respect to W and using general prop-
erties of the determinant [Mardia et al., 1979].
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